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Section A: Pure Mathematics

1 In the game of “Colonel Blotto” there are two players, Adam and Betty. First Adam chooses
three non-negative integers a1, ao and as, such that a; + as + a3 = 9, and then Betty chooses
non-negative integers b1, b2 and bs, such that b; + by + b3 = 9. If a; > b; then Adam scores
one point; if a; < b; then Betty scores one point; and if a; = by no points are scored. Similarly
for aq, by and ag, b3. The winner is the player who scores the greater number of points: if the
socres are equal then the game is drawn. Show that, if Betty knows the numbers a1, a; and
a3, she can always choose her numbers so that she wins. Show that Adam can choose a4, as
and ag in such a way that he will never win no matter what Betty does.

Now suppose that Adam is allowed to write down two triples of numbers and that Adam wins
unless Betty can find one triple that beats both of Adam’s choices (knowing what they are).
Confirm that Adam wins by writing down (5, 3,1) and (3,1, 5).

2 (i) Evaluate
2m
/ cos(mx) cos(nx) dz,
0

where m, n are integers, taking into account any special cases that arise.

(i) Find / m dz.

3 (i) Solve the differential equation

dy 2
=y =3y =2
dz Y Y
1d
by making the substitution y = -
3udz
(i) Solve the differential equation
xQ% +ay+a*y’ =1
dz
by making the substitution
1
y=— + )
X v

where v is a function of z.
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4 Two non-parallel lines in 3-dimensional space are given by r = p; +#1m; andr = ps + tomy
respectively, where m; and ms are unit vectors. Explain by means of a sketch why the
shortest distance between the two lines is

|(P1 — p2) - (M1 X my)|
[(my x my)|

(i) Find the shortest distance between the lines in the case

p1=(21-1) p2=(1,0,-2) my=3(430 my=_(0,-31)

(i) Two aircraft, A; and A, are flying in the directions given by the unit vectors m; and m
at constant speeds v; and v2. Attime ¢ = 0 they pass the points p; and p,, respectively.
If d is the shortest distance between the two aircraft during the flight, show that

2 _ \Pl - 102!2 !U1m1 - U2m2\2 - [(Pl - PQ) : (U1m1 - U2m2)]2
luymy — vymy|?

d

(iii) Suppose that v, is fixed. The pilot of A, has chosen v, so that A, comes as close as
possible to A;. How close is that, if p;, p2, m; and my, are as in (i)?
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@)

In the diagram, O is the origin, P is a point of a curve r = r(#) with coordinates (r,0) and @
is another point of the curve, close to P, with coordinates (r + ér, 8 + 660). The angle ZPRQ
is a right angle. By calculating tan ZQ PR, show that the angle at which the curve cuts OP is

tan~! Td_@ .
dr

Let o be a constant angle, 0 < a < %77. The curve with the equation

r= chotoz

in polar coordinates is called an equiangular spiral. Show that it cuts every radius line at an
angle a. Sketch the spiral.

Find the length of the complete turn of the spiral beginning at » = 1 and going outwards.
What is the total length of the part of the spiral for which » < 17?

[You may assume that the arc length s of the curve satisfies

(5 - (&)
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6 In this question, A, B and X are non-zero 2 x 2 real matrices.

Are the following assertions true or false? You must provide a proof or a counterexample in
each case.

(i) If AB=0then BA =0.
(i) (A-B)(A+B)=A%-B2%
(iii) The equation AX = 0 has a non-zero solution X if and only if det A = 0.

(iv) For any A and B there are at most two matrices X such that X? + AX + B = 0.

7 The integers a, b and ¢ satisfy
24 + b* = 5.

By considering the possible values of ¢ (mod 5) and b (mod 5), show that « and b must both
be divisible by 5.

By considering how many times a, b and c can be divided by 5, show that the only solution is
a=b=c=0.

8 Suppose that a; > 0 for all i > 0. Show that

2
ajaz < (al ;— a2>

Prove by induction that for all positive integers m

2m
a+ -+ agm
e < (A

2m
Ifn<2m,putbl:ag,bQ:ag,--- ,bn:anandbn+1:---:bgm:A,where
A:al_{_..._{_an.
n

By applying (x) to the b;, show that
ap--- anA(27n_n) < A2m
(notice that b; + - - - + b, = nA). Deduce the (arithmetic mean)/(geometric mean) inequality

a1+ +ay

(alan)l/n< -
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10

In this question, the argument of a complex number is chosen fo satisfy 0 < arg z < 2.
Let z be a complex number whose imaginary part is positive. What can you say about arg z?

The complex numbers z;, zo and z3 all have positive imaginary part and argz; < argzo <
arg z3. Draw a diagram that shows why

arg z; < arg(z1 + 29 + 23) < arg z3.

Prove that arg(z;2223) is never equal to arg(z; + 22 + 23).

Verify that if
1 2 -1 8
P_<2 _1> and A_<8 11)
then PAP is a diagonal matrix.

Putx= (") andx; = x1>.B writin
Ut x (y) . <y1 y writing

x=Px;+a
for a suitable vector a, show that the equation

xTAx+bTx—11 = 0,

where b = <18

6 ) and x7 is the transpose of x, becomes

3ui —yf = ¢

for some constant ¢ (which you should find).
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Section B: Mechanics

11

In this question, take the value of g to be 10 ms™2.

A body of mass m kg is dropped vertically into a deep pool of liquid. Once in the liquid, it
is subject to gravity, an upward buoyancy force of g times its weight, and a resistive force of
2mv?N opposite to its direction of travel when it is travelling at speed v ms—!. Show that the
body stops sinking less than iw seconds after it enters the pool.

Suppose now that the body enters the liquid with speed 1 ms~—!. Show that the body descends
to a depth of %an metres and that it returns to the surface with speed % ms~!, at atime

T 1 V2+1
—+—In
8 4 V2 -1

seconds after entering the pool.
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12

13

Wi

Wo
Q2

A uniform sphere of mass M and radius r rests between a vertical wall 1W; and an inclined
plane W, that meets W at an angle «. Q1 and @), are the points of contact of the sphere
with Wy and W, resectively, as shown in the diagram. A particle of mass m is attached to
the sphere at P, where PQ; is a diameter, and the system is released. The sphere is on the
point of slipping at 1 and at ). Show that if the coefficients of friction between the sphere
and W, and Wy are p; and pg respectively, then

= P2 + 11 COS o — fiq fig SIn & M

(2u1po + 1) sina + (g — 24u1) cos o — o

If the sphere is on the point of rolling about @), instead of slipping, show that

M

m=———.
seca — 1

The force F of repulsion between two particles with positive charges @ and Q' is given by
F = kQQ'/r?, where k is a positive constant and r is the distance between the particles.
Two small beads P, and P, are fixed to a straight horizontal smooth wire, a distance d apart.
A third bead P; of mass m is free to move along the wire between P, and P;. The beads
carry positive electrical charges @1, Q2 and Qs. If Ps is in equilibrium at a distance a from Py,

show that
e
V1 +VQ2

Suppose that P; is displaced slightly from its equilibrium position and released from rest.
Show that it performs approximate simple harmonic motion with period

a

wd 2mdm
(V@1 + vQ2)? kQs

1 1 2
[You may use the fact that N~ — —z for small y.]
a

(a+y)?  a?
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14

A ball of mass m is thrown vertically upwards from the floor of a room of height ~ with speed
V2kgh, where k > 1. The coefficient of restitution between the ball and the ceiling or floor is
a. Both the ceiling and floor are level. Show that the kinetic energy of the ball immediately
before hitting the ceiling for the nth time is

atr4 1
mgh <a4”_4(/<: —-1)+ T—l—l) .
Hence show that the number of times the ball hits the ceiling is at most
In[a?(k — 1) + K]

1—
4Ina
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Section C: Probability and Statistics

15

16

Two computers, LEP and VOZ are programmed to add numbers after first approximating
each number by an integer. LEP approximates the numbers by rounding: that is, it replaces
each number by the nearest integer. VOZ approximates by truncation: that is, it replaces
each number by the largest integer less than or equal to the number. The fractional parts of
the numbers to be added are uniformly and independently distributed. (The fractional part
of a number a is a — |a|, where |a] is the largest integer less than or equal to a.) Both
computers approximate and add 1500 numbers. For each computer, find the probability that
the magnitude of error in the answer will exceed 15.

How many additions can LEP perform before the probability that the magnitude of error is
less than 10 drops below 0.9?

At the terminus of a bus route, passengers arrive at an average rate of 4 per minute accord-
ing to a Poisson process. Each minute, on the minute, one bus arrives with probability %,
independently of the arrival of passengers or previous buses. Just after eight o’clock there
is no-one at the bus stop.

(i) What is the probability that the first bus arrives at n minutes past 8?

(ii) If the first bus arrives at 8:05, what is the probability that there are m people waiting for
it?

(iii) Each bus can take 25 people and, since it is the terminus, the bus arrive empty. Explain
carefully how you would calculate, to two significant figures, the probability that when
the first bus arrives it is unable to pick up all the passengers. Your method should need
the use of a calculator and standard tables only. There is no need to carry out the
calculation.



